A possible sound emission mechanism of aircraft wake vortices has been identified by using both measurement data and theoretical results. This mechanism relates consistently to a dominant frequency of sound pressure matching the rotation frequency of a Kirchhoff vortex. The rotation of the Kirchhoff vortex is due to the selfinduction inside the vortex core. Numerical simulations are necessary for a more realistic wake consisting of a counterrotating vortex pair with inviscid ground effects and shear flow. The simulations are carried out using a vortex particle method. A far-field vortex sound formulation, based on asymptotic expansions, is developed to calculate acoustic pressure from the wake vortices. The simulation results confirm that the frequency of the wake sound emission is essentially the same as the classical Kirchhoff vortex, even under the influences of an inviscid ground effect or a weak-shear cross wind. The aforementioned results suggest that the identified mechanism should be fairly robust, which demonstrates its persistency under several different environmental conditions.
I. Introduction F UNDAMENTALLY, predicting the dynamics of aircraft wake vortices is one of the remaining challenges in unsteady, highReynolds-number fluid mechanics problems. Operationally, wake vortices pose both safety and capacity concerns that directly affect airport transportation. Wake encounters potentially could impose severe flight control demands in aircraft that are flying in limited airspace. The need to avoid such encounters is a primary consideration in controlling aircraft spacing specifications around congested airports [1, 2] . If the aircraft spacing specifications are too conservative, substantial reductions in passenger throughput result at busy airports. On the other hand, if the spacing standards are overly optimistic, potential dangerous vortex encounters can occur.
Previous efforts in wake vortex research were concerned with developing engineering prediction models for the wake vortex behavior in response to weather conditions in the lower atmosphere [3] [4] [5] [6] [7] [8] . More recently, a scheme for actively monitoring wake vortices has emerged by passively tracking the acoustic emissions from wake vortices [9] , similar to the concept of using acoustic energy to monitor severe weather and tornadoes [10] . This possibility is currently under examination. For that purpose, the key questions that need to be answered are as follows: 1) Do wake vortices generate sound every time? 2) If so, is the generated acoustic signal consistent and measurable, which contains diagnostic information to indicate the state of the vortex system?
The answer to the first question should be positive from the point of view of fluid dynamics and aeroacoustics. This is because many observations of wake vortex sound have been made under a variety of conditions and the flow related to wake vortices is highly unsteady: the unsteady motion of the vortices, vortex decay, vortex instabilities and breakdown, wake interactions with the ambient turbulence and stratification, ground effects, etc. Because of all of the unsteadiness in the flowfield, the expectation is that sound emission would be unavoidable from wake vortices. With various scales at which these multiple vortices interact with each other, it may also be anticipated that the measured acoustic spectra emitted from the trailing wake would be broadband. Now the difficult part is the second question. The airspace around an airport is a quite noisy environment. Noise sources include those from engines, airframes, and the atmosphere (such as wind noise), in addition to all the vortex wakes from airplanes in the terminal area air traffic. Therefore, the second question should be answered from the perspective of what is unique to the wake vortex sound, in both the signal patterns and source mechanisms, as well as in the relation between the two. For the purpose of identifying a unique sound source mechanism, all of the unsteady flow structures mentioned in the preceding paragraph could be candidates because each of them represents a unique fluid dynamic aspect pertaining to wake vortices. However, not all of them are capable of generating a reliable, repeatable, and detectable acoustic signal. The studies to date have focused on experimental characterization [11] [12] [13] [14] [15] [16] [17] [18] , and a rigorous analytical identification of the noise source that is consistent and unique to aircraft vortices is lacking. We have started theoretical investigations on sound generation mechanisms to identify consistent components of wake vortex noise.
There are only two ways to make a vortex system to emit sound: unsteady motion of the vortices or change of strength [19] . The internal decay of a vortex due to viscous and turbulent effects is a very slow process in a realistic high-Reynolds-number environment, such as the environment for the aircraft wake vortex system. With external influences such as background turbulence and stratification, the decay process can be sped up [20] and, at the same time, be oscillatory. A previous study shows that the related sound emission can peak at a frequency that is dependent on the circulation fluctuations and the vortex decay coefficient [21] . Because of the low-frequency nature of the background turbulence and stratification, this provides a possible mechanism for broadband, low-frequency vortex sound emission. However, field measurements showed higher frequency contents (e.g., 20-300 Hz) from an aircraft wake vortex [12, 15, 18] , even when the vortex is out of ground effect.
This research is intended to identify the source of the highfrequency sound from an isolated vortex system that includes out-ofground aircraft wake vortices and wake vortices in inviscid ground effects. Whereas the currently identified decay mechanisms only produce low-frequency sound, the higher-frequency emission source is thus attributed to the unsteady vortex motion. Tang and Ko [22, 23] identified two independent types of unsteady vortex motion that radiate sound: the vortex centroid dynamics and the smaller-scale vortex core dynamics. Their analysis showed that the vortex-core deformation tends to generate more high-frequency sound than the vortex centroid dynamics. Tang and Ko and others [24] [25] [26] focused their studies on vortex systems in which the unsteady vortex motions are due to leapfrogging, collision, or coalescence. These types of vortex interactions rarely happen in a fully developed aircraft vortex wake, probably not until the Crow instability [27] occurs, leading to demise of wake vortices. Therefore during the life time of a longlived wake vortex system, the primary vortex-core dynamics is not driven by any of the aforementioned interactions. Rather, the unsteady core dynamics depends on the initial eccentricity during the rollup process, the background shear, and the ground boundary effect. Addressing these issues is the concentration of the current study. A Kirchhoff spinning-core vortex [28] model is thus used as a starting point.
There may exist interactions between the wake vortex systems and ambient turbulence that can sometimes be modeled as a primary vortex structure interacting with a secondary vortex structure. The ground effect, which possibly causes very low-frequency sound emission with the vortex translational acceleration in an inviscid manner [9] , is still able to produce complex unsteady fluctuations due to vortex-induced ground-boundary-layer separation and thus needs to be considered. Compressibility can also contribute to the vortexcore dynamics [24] . In addition, sinusoidal and eigenoscillation instabilities can also occur in the short wave form [29] [30] [31] [32] whose wave number can be up to eight times that of the Crow instability. But the associated sound is also of lower frequency than that observed experimentally. These effects on vortex sound emission still need to be analyzed.
The analytical solution of the Kirchhoff vortex model only applies to a single vortex in an infinite domain. Aircraft vortex wakes actually consist of a pair of counterrotating vortices. In addition, ground effects and atmospheric conditions also need to be considered. To demonstrate that the Kirchhoff frequency will persist in practical vortex wakes, numerical solutions are needed. In this study, a vortex particle method [33] is used to simulate the vortexcore dynamics in 2-D, inviscid, and incompressible flow. This is particularly suitable for a wake vortex system that is slowly varying in the axial direction, and is of high Reynolds number and low Mach number. A far-field vortex sound formula based on matched asymptotic expansions is then used to relate sound emission to the vortex-core dynamics.
II. Sound Emission from a Spinning
Kirchhoff Vortex Core
The Kirchoff vortex is a patch of constant vorticity inside an ellipse and zero vorticity outside. It is an exact solution of the 2-D, incompressible, and inviscid flow equations [28] . An almost circular Kirchhoff vortex has the ellipse defined by the polar equation for the radius of the vortex core:
where the long axis of the ellipse is a1 , the short axis is a1 , 1, and is the uniform vorticity in the core. Howe [34] gave the acoustic pressure at r=c o ! 1 as
where c o is the speed of sound, U a=2, M U=c o , and r is the radius of far-field acoustic receiver location. The ellipse rotates at an angular velocity of =4, which generates a quadrupole-type sound at a frequency of =4, as shown in Eq. (2). Equation (2) also shows that for 0, which is the case of a circular vortex patch in an unbounded potential flow, for example, a Rankine vortex [30] , there is no emission because of the steady-state flow produced by a Rankine vortex. In the wake vortex system, the eccentricity is produced during the initial rollup process. An elliptical vortex resulting from shear-layer instability is an evidence [35] , because a major portion of the vortex wake is from the wing tip vortices resulting from a primary process of shear-layer instability. Other external effects such as wind shear or turbulence can also cause eccentricity in a wake vortex. The analytical solution for the flowfield of the Kirchhoff vortex is used to verify the results from the vortex particle method used in this study, and Eq. (2) is used as a base model to estimate sound emission frequencies from different types of aircraft and to verify the results from the far-field vortex sound formula presented in the Appendix.
III. Case Studies for Out-of-Ground Vortex Wake
Without Background Flow Table 1 lists the majority aircraft types and their configurations (related to the wake vortex behavior) whose wake vortex sound was measured during the 2003 phased array test at Denver International Airport [13, 18] . The wake sound emission frequencies are calculated based on the Kirchhoff vortex model. The wake vortex span is estimated as 78.5% of the wing span according to a typical elliptical wing loading. The circulation is calculated approximately from a uniform aircraft landing weight at 80% maximum landing weight with fixed approach speed. Although it is difficult to accurately estimate the vortex core size, a reasonable range of the core radius is from 1.5 to 2% wing span according to the field measurement data [36] . A median core radius in between this range is selected as 1.65% of wingspan. With the relation of =a 2 , the acoustic frequency of a Kirchhoff single vortex can be calculated as f =4. The lower bounds (LB), median, and upper bounds (UB) frequencies correspond, respectively, to the core radii of 2, 1.65, and 1.5% wing span. The last column of Table 1 is the results of computational simulation for the wake vortices modeled as a pair of counterrotating vortices initially as Kirchhoff vortices with a median core size (1.65% wing span). The simulation procedure is explained in the next section. It can be seen in Table 1 that the acoustic frequencies from the numerical results are almost exactly the same as that predicted by a single Kirchhoff vortex model using Eq. (2). This is due to the fact that the two vortex cores are relatively far away because of the small radii of the cores. Therefore, the mutual induction effect between the two vortices is relatively small and does not influence the vortex-core rotating frequency. When the vortices are closer each other, the ratio between the core size and the vortex distance influences the sound frequency, a point that was also made in Tang and Ko's work [23] , but needs to be further explored in the future research.
The acoustic frequencies vs the wing spans in Table 1 are plotted in Fig. 1 . By grouping the aircraft types into small regional jets (RJs) and large jets, a general trend can be observed that shows that wake acoustics from large aircraft has an inverse relation between peak frequency and wing span. Small aircraft do not follow such a relation, which could be a reflection of a relatively wider range of aircraft design parameters for small aircraft than those for large aircraft. Comparisons of this predicted trend with the field measurement data also provide evidences to confirm the relation for the large aircraft.
In Fig. 2 , measured data are plotted for two cases of B737 and two cases of B757. Details of the measurement and data reduction procedure are described elsewhere [37, 38] . In these measurements, one nondimensional time unit is the approximate time for the vortex pair to descend one vortex span [20] , and is equal to 2b Table 1 for the median frequency values. It can be seen from Fig. 2 that near the peak frequencies there is a significant detectable wake power above background acoustic noise, although the measured power spectral levels shown here are related to the microphone-array gain from the beam-forming process [37, 38] instead of the direct measure of sound-pressure levels. The measured and theoretically predicted peak frequency values have a very good agreement. Figure 2 also shows that the measured B757 wake peak frequencies are lower than those of B737, which confirms the trend predicted in the calculations based on the Kirchhoff vortex model. These results suggest that the Kirchhoff vortex core could be the mechanism responsible for the peaks observed in the measured spectra. It should be pointed out that the comparisons of experimental results with the theory should focus on the trend, instead of the absolute values because the theoretical calculation requires input parameters that are very often not easily measured with high certainties of accuracy, such as the vortex span, core size, and shape.
IV. Numerical Simulation Cases
Whereas the analytical solution of the Kirchhoff vortex model used in the preceding sections is for a single vortex in an infinite domain, aircraft vortex wakes actually consist of a pair of counterrotating vortices for which the analytical solution does not exist. In addition, ground effects and atmospheric conditions can further complicate the matter to pose a question on the predictions using the Kirchhoff vortex model. Therefore, for realistic vortex wake cases, numerical solutions are needed and discussed in this section.
Using the vortex half-span as the characteristic length and the nominal maximum rotating speed at the outer edge of the vortex core, a=2, as the characteristic velocity, the simulation equations can be nondimensionalized for computational purposes. The simulation procedure is developed using a vortex particle method [33] . At the beginning of the simulation, the initially specified Kirchhoff vortices have the parameters of a 0:042, 0:05, and 47:69, for the median core-size (1.65% wing span) vortices. The vortex particles are distributed on a grid mesh with the grid size of x y 1:68 10 3 and a particle core parameter of 2x [24] . This gives 50 vortex particles in a nominal vortex-core diameter of 2a. Such a fine grid solution selected in the simulation is to ensure proper resolution for the vorticity field to correctly capture the core rotation frequency. Simulation tests with lower resolution have shown that the acoustic frequency numerically shifts to lower values. The required high resolution in this problem poses difficulties in using the Eulerian type of simulation with which only high-order accuracy schemes with high grid resolution are able to capture the frequency correctly [39] . Unfortunately, the small core radii in the wake vortices, in comparison to the distance between the vortices, limited the resolution required for the Eulerian Navier-Stokes simulation [40] . The reason is because on one hand, the domain has to be sufficiently large to include the large distance between the two vortices so that the numerical domain-boundary effect is reduced to a minimal. On the other hand, the numerical grid size has to be sufficiently small to resolve the small vortex cores. This situation results in an excessive number of computational grid points that is difficult to accommodate even with today's state-of-the-art supercomputers.
It is noted that the selected small value of for the initial vortices is to satisfy the requirement of 1 for a Kirchhoff vortex. As the vortices are allowed to freely evolve following the governing equations at the later times, the selection of this initial value need not be precise. There are no measured data available for determining the eccentricity of a vortex. Whereas the wake vortices mostly result 
a u t h o r ' s p e r s o n a l c o p y
from shear-layer instability and multiple vortex merging, numerical simulations from our study on these phenomena have shown that the resultant vortices have a stable nominal eccentricity approximately 0.1-0.2. This supports the argument that the sound mechanism described here is persistent. The initial distribution of vorticity is
where n is the circulation of each vortex particle defined as x 2 in the Kirchoff vortex model here, and g is a second-order particle core function [33] defined as
The size of time step is t 5:1465 10 3 , which is equal to 10T=512, where T is the oscillation period of a single Kirchhoff vortex equal to 4=. By carrying out simulation of 512 time steps, a time history of 10 periods is covered. This time step is sufficiently small to resolve the frequency content related to the core vorticity in this case. During the simulation, remeshing is done at each time step.
For modeling the wake vortex system, a counterrotating vortex pair composed of two opposite-sign Kirchhoff vortices is used as the initial condition to represent the vortex wake out-of-ground effect. For in-ground-effect cases, the effect of an image pair of the wake vortices at the other side of the ground boundary is included to represent the inviscid ground effect. Effects of wind shear are also simulated under moderate and strong shear conditions to be discussed later in this section. In these different simulation cases, different domain sizes and moving domains are used to maintain a proper spatial resolution around the vortex core. In each case, the meshed domain that covers the vortex core is at least twice of the core size, to ensure that the vorticity particles distributed on the mesh sufficiently include all the vorticity field in the core region. Figure 3 is an illustration of the history of vorticity contours for interactions of a pair of wake vortices not in ground effect. Notice in this figure large vortex cores are used to illustrate their forms, and the shown domain size is truncated from the real domain used in the simulation for illustration purposes. The history corresponds to a half period of the Kirchhoff vortex rotation. The light-color vortex is a counterclockwise vortex with its elliptical core also rotating counterclockwise, and the dark-color vortex is a clockwise vortex with its elliptical core also rotating clockwise. It can be seen that it is this asymmetric "churning" effect of the solid-body-like rotation motion of the elliptical-shaped vortex cores that causes the unsteady fluid flow responsible for the far-field acoustics. This effect, caused by the eccentricity in an elliptical vortex core, is essential to generation of acoustic signal, because a perfectly round vortex does not produce sound, as stated previously in Sec. II. Again, although the initial elliptical vortex cores are allowed to deform in the later times, the basic elliptical shapes persist throughout the whole history, producing a persistent sound source.
Whereas Eq. (2) gives acoustic pressure from a single Kirchhoff vortex, for a system of discrete vortices such as the wake vortex system, an extended far-field acoustic pressure formula is needed to attribute its source to the near-field unsteady interactions of multiple vortices. A matched-asymptotic-expansion method [21, 41] has been used that matches the inner region of incompressible vortex flow to the outer region of acoustic field. Whereas previous research only considered the dipole-type sources, in the vortex-core problem only quadrupole noise is generated as shown in Eq. (2) . Therefore a higher-order expansion than those previously derived [21, 41] is needed for the near field. The detailed derivation and the equations used for the far-field acoustic pressure calculation for a discrete vortex system are provided in the Appendix. In the far-field acoustic pressure calculation in the simulation, Eq. (A11) in the Appendix is used. For the purpose of this study, the far-field location for calculating acoustic pressure is placed at a distance of 10 characteristic lengths (r 10) in the flyover direction ( 90 deg) under the wake vortex pair. A nominal Mach number of 0.27 is specified in the calculation. Figure 4 compares the simulated dimensionless spectrum of the far-field acoustic pressure calculated using Eq. (A11). It should be noted that in several cases considered here, the second quadrupole term in Eq. (A11), the j x 2 j y 2 j term, turns out to be zero because of the vorticity symmetry in the flowfield. However, in other more general cases when the symmetry no longer exists, this term is not zero. Figure 4a compares the single Kirchhoff vortex with the counterrotating vortex pair, and Fig. 4b compares the single Kirchhoff vortex with the counterrotating vortex pair in ground effect. It can be seen that in all the cases, there exists a significant peak at the dimensionless frequency of f 3:8, which is exactly related to the vorticity value in the Kirchhoff vortex core as =4, as shown in the analytical solution of Eq. (2). This means that in the vortex wake, the sound generation mechanism due to vortex-core rotation is not influenced by the macroscopic vortex interactions, as long as the distances between the vortices are large in comparison with the core size. Figure 5 is plotted to compare the effect of vortex-core size. A case with an elliptical vortex-core size of a 0:084 is compared with the original core size of a 0:042, with the same vorticity of 47.69 inside the core. It can be seen that the peak frequency still remains at f 3:8. The magnitude of the spectrum is increased due to the increase of the core size with the same vorticity, because the total circulation, which is equal to the vorticity times the core area, is increased. This phenomenon agrees with what shows in Eq. (2), where the frequency of the acoustic pressure only depends on the vorticity level (=2), and the magnitude of the acoustic pressure is increased due to the increase of the core size a. Whereas Eq. (2) is for a single Kirchhoff vortex, the results in Fig. 5 also show that even when the core size is doubled in the wake vortices (with the ratio of core radius to vortex distance to be 0.084 now), the wake sound emission behavior remains the same as that of a single Kirchhoff vortex. It can be argued that under realistic atmospheric conditions, wind shear and turbulence, in the form of rotational straining fields, can impose significant effects on the wake vortex-core dynamics. There are several ways to simulate these effects. One way is to represent the background field with vorticity field and directly simulate the wake vortices along with the background vortices. Although this method is able to directly simulate the interactions between background shear and the wake vortices, it is computationally expensive because a large number of vortices need to be distributed all over the computational domain to represent the background flow. Another way is to split the wake vortex flow from the background flow.
For the vorticity transport equation of 2-D inviscid incompressible flow,
the flow variables can be split into the background flow ; j and the induced part by wake vortices ; u j . Neglecting the influence from wake vortices on background flow, the background flow itself satisfies
Substituting Eq. (6) into Eq. (5) results in
If we only consider a constant-shear crossflow, which flow satisfies Eq. (6), Eq. (7) then becomes
Therefore, the wake vortices can be treated as a pair of vortices transported at a velocity of background wind plus the induced velocity due to wake vortices. The vortex particle method can be easily implemented as
where p is the circulation of each vortex particle, and K is defined as
and the vortex particle core parameter is selected in Eq. (4). Fig. 7 it is 0.1. For a B757, these shear strengths represent a crosswind speed increase of 0:06 m=s per meter and 0:06 m=s per meter, respectively. Therefore for a B757, the case represented in Fig. 6 is considered a moderate shear because the shear condition is very close to the cases of run 7 and run 9 in [3] . The case represented in Fig. 7 is an unusually strong shear that can only occur locally and last a short period of time in the practical atmosphere. Figure 6 shows that under moderate shear, the dominant frequency again remains the same as that of the core rotation of a single Kirchhoff vortex. Under strong shear in Fig. 7 , the peak frequencies can be slightly shifted due to shear/vortex-core interactions. It seems one peak is slightly higher than the original frequency of a single vortex and the other is shifted slightly lower. These two peaks can be attributed to the two counterrotating vortices in the vortex pair, one with strengthened vorticity and the other with weakened vorticity. Whereas the total circulation remains the same in each of the vortices as guaranteed by Eq. (9), the vorticity level changes are caused by deformation of the cores. The background shear, if carrying vorticity of the positive sense in the simulation, deforms and expands the negative vortex core, and at the same time increases its eccentricity, resulting in a lower frequency but higher sound level peak in Fig. 7 . The same shear tends to shrink the positive vortex core and decreases the eccentricity, resulting in a higher frequency but lower sound level peak. Figure 7 supports the argument that each peak is caused by a corresponding Kirchhoff vortex-core rotation. With other effects such as background turbulence, the shifted two peaks may get smeared into one broader hump such as those shown in the measured data in Fig. 2 .
It needs to be pointed out that the purpose of the study is to identify the most unique and consistent mechanism associated with the vortex. This mechanism is related to the portion of the spectra that shows up as a hump above the background in the measurement data as in Fig. 2 . It does not mean that there are no useful frequency content above or below such a hump. Although the higher frequency above the range of the rotating core frequency can be used and do show up in the source localization process [12, 15, 18, 38] , the acoustic energy is, however, weak compared to that of the coredynamics-based mechanism, and it does not appear to be as consistently above the atmospheric noise background.
V. Conclusions
Both measurement data and theoretical results indicate a mechanism of sound emission of aircraft wake vortices due to the self-induction rotation of the elliptic vortex core. There is a dominant frequency of sound pressure that matches the rotation frequency of a Kirchhoff vortex-core rotation. Calculated results based on this mechanism using realistic aircraft configurations show that wake acoustics from large aircraft has an inverse relation between peak frequency and wing span. Small aircraft do not follow such a relation.
By looking into a particular set of data for B757 and B737, both the measurement and the calculation agree that the B757 wake peak frequencies are lower than those of B737. When the wake vortices are initialized by counterrotating Kirchhoff vortices, numerical simulations based on the inviscid vortex particle method confirm that the frequency of the wake sound emission remains essentially the same as that of the classical Kirchhoff vortex, even under the influences of an inviscid ground effect and a moderate, constantshear cross wind. These results suggest that the identified sound generation mechanism attributed to the vortex core dynamics should be a robust acoustic radiation mechanism, a promising wake indicative among a number of active sound generation processes involved in aircraft vortex wakes.
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where R Mr, and S j , C j , K j , and L j are functions to be determined. With only the quadrupole source from the vortex core, the dipole terms (related to sin and cos ) in Eq. (A11) are zero. The strengths of the quadrupole terms depend on j x j y j and j x 2 j y 2 j , a fact that agrees with those expressions for 2-D vortex systems by Mohring [45, 46] and others [22, 34, [42] [43] [44] 47] .
